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On Properties of the Solutions of Linear q-Difference 
Equations with Entire Function Coefficients.* 

BY THOMAS E. MASON. 

? 1. Introduction. 

The purpose of this paper is to study the existence of entire function 
solutions of linear n-th order homogeneous and non-homogeneous q-difference 
equations with entire function coefficients, and to study the clharacter of such 
solutiolns, when they do exist, with respect to the relation of the "ordre 
apparent"t of the solutions and the coefficients. Entire function solutions 
are proved to exist, whenever there exist formal expansions in ascending 
powers of x satisfying the equation. In certain other cases it is shown that 
there exist solutions made up of entire functions multiplied by rather simiple 
functions which are not entire. The "ordre apparent" of the solutions of 
equations with coefficients of finite order is not greater than the greatest 
"ordre apparent" among the coefficients. In the case of equations with coef- 
ficients of infinite, but not transfinite, order, the "Vergleichsfunktion""t of the 
solutions is not greater than the greatest among the "Vergleichsfunktionen" 
of the coefficients. 

We shall write our equations in the forms 

G (qa x) + B1 (X) G (qn-,X) + B2 (X) G (qn-2X) + 

+ Bn (X)G (X) =- B(X), > 1, (1) 
and 

G (q-n X) + B1 (x) G (q(n x) + B2 (X) G (q-(n-2) C) +.... 

+Bn(x)G-(as)-B(X), 2 10< 1 
where 

00 00 

Bi(x) = bxj xi and B (x) X bj xi 
Y=O 1=o 

and where B (x) =0 for the homogeneous equation. If we replace q-' in the 
equation above for J q I < 1 by q', we have a new equation where J q'J > 1. In 
what follows we shall consider only the case J q J > 1, since the case j q I <1 
reduces so readily to this. 

* Read before the American Mathematical Society at Chicago, April, 1914. 
t See Borel, "Legons sur les fonctions enti6res," p. 74. 
j See Kraft, "Uber ganze transzendente Funktionen von unendlicher Ordnung," Gottingen, 1903. 
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Carmichael * has studied the homogeneous form of equation (1) with 
analytic coefficients of certain forms, and has found fundamental systems of 
solutions with proper restrictions on the roots of the characteristic equation. 
There may be entire function solutions when the conditions given by Carmichael 
are not fulfilled. The various cases are considered in this paper. 

? 2. Existence T'heorems. 

Let us consider the homogeneous form of equation (1). We shall write 
the roots pi of the characteristic equation in the form 

pi qns q i= 1 2 . . . . , 

If mi is a positive integer, then the substitution of a power series will show 
that there exists a formal expansion in ascending powers of x. For mi not a 
positive integer, the substitution 

G (x) = xlmR Fi (x) 
will give, after dividing by xm' qm"-i, an equation in Fi (x) of the form of 
equation (1), which will have a formal solution in ascending powers of x. 
In case the numbers mi, for two different values of i, differ by an integer, 
there will be, in general, a solution only for the ni of greatest algebraic value. 

For the case in which all the roots of the characteristic equation are zero, 
the substitution 

G(x;) =ey log7 XF (x) t log x/log q, 
will give, after dividing by the proper factor, an equation of the form of 
equation (1), which will have somle of the roots of its characteristic equation 
different from zero, provided that it is possible to choose ,B an integer, so that 

n, - (n -i), + ai 
for some value of i, i = 1, 2., n, and so that no other value of i will make 

(n-i)f3?ac<nf, 
where ai is the exponent of the lowest power of x in 1i (x). 

For the proof of convergence it will be sufficient to show that a fiormal 
ascending power-series solution of equation (1) is a convergent series; since 
the other cases referred to above transform to equations of the type of (1) by 
simuple transformations, which do not affect convergence. The proof of con- 
vergence will be carried out for the non-homiogeneous case, and this can be made 
to cover the homogeneous case by making the coefficients. b1 of the function B (x) 
identically zero in what follows. 

* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXIV. (1912), pp. 147-168. 
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We shall suppose that equation (1) has formal ascending power-series 
solutions, which we write 

00 

G(X) = aix 
i=O 

Reckoning out coefficients, we shall have 
nn n 

- a0 q(k-l) (:n-i) bil- a7, 
I q(k-2) (n-i) b-2- . . . -ao X b k-1 b 

a7, ~~i=0 i= i0O i0 

q 
kn + b1 qk (n-1) +b20 qk (002) + . . . .+ bn-1,0 q- +bno 

Form a comparison series in the foollowing manner: Take absolute values in 
the numerator of a,0 and consider all signs between terms as positive. This 
will increase the numerator if any change is made in its value. Since I q I > 1, 
it will increase the numerator if we consider each term as multiplied by the 
highest power of q which occurs in any term, namely, q (k-i) (n-l). The coeffi- 
cients Bi (x) and the function B (x) in equation (1) are entire functions, and 
hence, there is a positive constant b which is greater than the absolute value 
of each of the coefficients b&j and b,. The numerator will be increased, there- 
fore, if we replace each b with subscript by b. The absolute value of the 
denominator will be decreased* if we replace it by qkn/M, wlhere M is a properly 
chosen constant. Call the new ak which we are forming a'. As we form each 
new al, we shall further increase its value if we replace each a, with subscript 
less than k, by the corresponding a'. We shall have 

k-i 
a < bnq I (k-i)(n-1) z d+1 

I ak I <a' de __i=O 
q kn/M 

and 
_k k-1 

bqk(n1)} Z ad+1 .bn q 
1k(,-I) a'+Z Ea'+ 1t 

t _ < ~~i=O _ =| 
akcl I q f (k+l)n/M = q I(kiOn/M 

Hence, 
_k-i 

bn alkf ~)a+ Xa'+1; 

lit 

_ __ 

i- (k+i)nf/M lim 
ak~ k-Xr bn q k-l(-i)a' i=O 

aq f k/M 
- ~ ~ ~ ~ - 

lim f bn q I k(n-1) q k(n-1) q kn 

k 1 j qf (k+l)n/l + | q | (k+l)n | q J (k-1)(n-1)J 

1 

Jqj 

* As pointed out at the beginning of ? 2, we are seeking the solution corresponding to the root p = qm of 
the characteristic equation for which m is the greatest in algebraic value. Thus the denominator can not 
equal zero for k > m. In carrying out the reckoning of coefficients we see that ak = 0 for k < m and that am 
is arbitrary. Hence, the denominator can vanish for no value of h& for which the numerator is not also zero. 

55 
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Hence, for Ix j < I q I the series 

X c4j jIC (3) 
k =0 

is convergent. The series 

G($) = z akx 
Ic =0 

has its corresponding coefficients less in absolute value than those of the series 
(3), and hence, it is uniformly convergent for Ix < r < Iq and represents an 
analytic function in that region. By mea-ns of equation (1) G(x) can be con- 
tinued throughout the plane as an analytic function, since tlle coefficients B, (x) 
of equation (1) Introduce no singularities. Therefore, G (x) is an entire 
function. In the same way F (xz) or F(x) of the transformed equations men- 
tioned above represents an entire function. 

We have thus proved the following theorems: 
THEOREM I. The equation 

G (qnX) + Bl(x)G(qn-1X) + ...........+Bn-1 (x) G(qx) + B. (x)G (x) =0 (1 
where the coefficients Bi(x) are entire functions, has solutions of the form 

Gi(x) = xm$Fi (x), 

where F, (x) is an entire function and where the roots of the characteristic 
equation are written in the form pi = qm4; provided that not all the roots of the 
characteristic equation are zero. The solution Gj(x) will be an enti^re function 
provided that mi is a positive integer. 

THEOREM II. The equation 

G (q nX) + B, (a;) CT(q n-1x) +... . +B,_,(x) G (qx)+ Bn(x)G (x)=B(a;), (1 ) 
where the functions B, (x) and B (x) are entire, has an entire function solution 
whenever it has a formal ascending power-series solution. 

Partly as a corollary of the preceding theorem we have the theorem: 
THEOREM III. The q-finite integral of an entire function, defined by the 

equation 

G(qx) -G (x) - 2 aixl, (4) 
i=o 

can be written in the form 
G(x) log x co _x+Ca) 

G(x) = aO, + * a + 0(Z) 
log q q=iq-1 

where C (x) is an arbitrary function satisfying the relation C (qx) = C (x). 
T'he integral G(x) will be entire only when a,, - 0 and C (x) is an arbitrary 
constant. 
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It is evident that the substitution 

G(x) = a0 log x + F(x) 
log q 

in equation (4) will give an equation in F(x) which has a formal solution in 
ascending powers of x; and hence, by Theorem II, F(x) will be an entire 
function. The values of the coefficients are easily found. 

? 3. Order of Solutions. 

We come now to a study of the relation of the "ordre apparent" of the 
entire function solutions of equation (1) as related to the "ordre apparent" of 
the entire functions which are the known functions of that equation. We shall 
suppose that the greatest " ordre apparent " of Bi (x) and B (x) is p. From the 
theorems which have grown out of the Borel theory of increase, we have 

B,(x) I < elxlP+e/2 and IB(x) I < exIP+e/2 lxi > R. 

Then for any x we have 

IBi(x) I < MelxlP+e/2 and IB(x) I < Me 

where M is a properly chosen constant. 
Now consider the plane divided into fundamental regions by circles of 

radii r,, where r,+i: r; = q:1. Call Z any x in some one of these circular rings 
in the neighborhood of the origin. Then for 1? I < 

IG(x) 1< K. 

Write equation (1) in the form 

G (x) =- B, (Xlqn) G (>D/2) * B..-B (xlqn) G (xlq") + B (x/qn) . (5 ) 
Replace each term on the right by the largest at each step, and by means of 
the equation continue the function out from the origin. We have 

IG(q F) I < (n +)MKe 

jG(q2$) 1< (n + 1)2?Me2 qixjp+ 1, 

IG(q) <( + MKe 

As k increases indefinitely, the last inequality can be replaced by 

G (qk$) I < eIqkzIP+6. 

Hence, 

I G (x) I < eIzIP+e, I x > R1 

where R' is properly chosen. Therefore, G (x) is of "ordre apparent" not 
greater than p. 
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When G(x) is not an entire function, as in Theoremn I, but is xmn1Fj(x), mi 
not a positive integer, then an argument similar to that used above will show that 

Fi (x) is of " ordre apparent " not greater than the greatest " ordre apparent" 
of the coefficients. 

We have thus completed the proof of the theorem: 
THEOREM IV. The entire function solutions, if any exist, of a linear n-th 

order homogeneous or non-homogeneous q-difference equation, with coefficients 
which are entire functions of finite order, are of "ordre apparent" not greater 
than the greatest "ordre apparent" of the know n functions of the equation. 

In the same way in which we proved Theorem IV we could prove the 
theorem: 

THEOREM V. The entire function solutions, if any exist, of a linear n-th 
order homogeneous or non-homogeneous q-difference equation, with coefficients 
which are entire functions of infinite, but not transfinite, order, have their 
" Vergleichsfunktionen " not greater than the greatest among the " Vergleichs- 
funktionen" of the known functions of the equation. 

It is easy to construct equations which have solutions which are of " ordre 
apparent" less than the greatest "ordre apparent" of the coefficients. The 
same is true for the case of the infinite, but not transfinite, orders. One easy 
method of doing so is to choose a function for solution which has no zeros, and 
then choose all but one of tihe coefficients entire functions, at least one of greater 
" ordre apparent " than the solution, and solve for the other coefficient. Thus 
each of the equations 

G(q2X) + ex5 G(qx) + (eX4-X e-(q-l)+x. eX(q2_l1)) G (x) ex' 
and 

$,2 $22 

G (qx) + (eee6 -x ex(-l) ) G (x) = ee 

has the solution ex, which is of " ordre apparent " less than the coefficients of 

the first equation, and is of finite " ordre apparent " while the coefficients of the 
second equation are of infinite order. 

PURDUE UNIVERSITY, LA FAYETTE, INDIANA, 
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